Abstract. Decomposition of n! in terms of
Introduction
We decompose n! in terms of elementary symmetric polynomial of n of k integers: 1, …, k. By the process of recursive substitution, the relation further helps to find an expression that involves with the ordered compositions of n integers: 1, 2, …, n all. Further investigation for occurrences of the integers in the expression leads to reduce the coefficients in the forms of complete homogeneous symmetric polynomial of degree n in 1, …, k; and to obtain a relation between the symmetric polynomials of two kinds. The relation is further useful to find a recurrence relation between Stirling numbers of two kinds. In the context, we show an analogous pair of identities at the end.
The first n natural numbers are united in different ways in the paper. The readers can find: 'Diversity in Unity' in the paper. (1)
II. Expression Involving the Compositions of the First n
From (1), we get: (a) Counting of the notations of the type e n { in (2.n)
Step1. We know that the number of the compositions to k parts or summands is . Consequently the number of summands in the compositions of nto k su is Then the number of summands in all 2
T and (2.1), we get: rd , and 2 nd terms of (2.4) involve with the ordered compositions of 3, 2 and 1 respectively. We notice also similar involvements of (2.3), (2.2) and (2.1) with the ordered compositions. In general the particular decomposition of (n + 1)! for n ≥ 1 can yield an expression (2.n) of n + 1 terms for unity such that n terms except the first one of the expression involve with the compositions of the first n natural numbers: 1, 2, …, n in succession where the compositions of each number occur following a definite order.
The number of terms of an expansion, which occurs as the coefficient of r! for n ≥ r ≥ 1 in (2.n), is equal to the composition of the integer: n -r + 1. That is, the number of terms = 2 n -r . In a definite order, all 2 nr compositions of the integer: n -r + 1 involve with 2 n -r sets of bottom indices of 2 n -r terms of the expansion. The general form of the terms of the expansion is: … … , … = n -r + 1. Example: Let n = 4 and r = 2. Then we have: n -r + 1 = 3.
In ( Step 2: The compositions of n integers: 1, 2, … , n all occur in (2.n e {k} is a summand of a composition among the compositions of al ). The bottom index of a notation of the type l n integers. Then from (3), we get: otatio of the type e n {k} in (2.n) = Number of t mmands of the compositions of all n integers: 1, 2, …, n 1 2 2 .
III. Ordered Compositions
The significant order of the In Topic II, the sets of bottom indices in the successive two terms except the 1 st one of (2.2) involve with SOC(1) and SOC (2) ; in like manner three terms of (2.3) with SOC(1), SOC (2) and SOC(3); four terms of (2.4) with SOC(1), SOC (2) , SOC (3) and SOC(4); and so on.
IV. Another Way of Analysis for Occurrences of the Integers in the Recurrence Expressions and a Reduced Version of (2.n)
We have noticed that the terms in the expansions that occur as the coefficients of 1!, 2!, … in (2.1), (2.2), (2.3), .. involve with the ordered compositions of 1, 2, 3, …; and with the ordered integers that have close connection with the summands of compositions. Here we investigate occurrences of the integers in the successive expressions in a different way.
Let us confine our attention to the coefficient o indices; and 2, 3 and 4 occur inside the braces. Although the numbers of occurrences of the distinct integers a the bottom indices and inside the braces {} are different yet the distinct integers are consecutive; and the numbe s is equal to the number of distinct int integers as the bottom indice egers inside the braces. So we use lic abbreviation for the coefficient of 2! in (2.4) in the form:
E [Set of distinct integers as the bottom indices, this inside the braces {}]. Using the notation, which is indeed an arithmetic function, we may write a recurrence relation for the coefficient of 2! in the following form.
In like manner the coefficient of 3! in (2.4) is:
2)
The last term or coefficient o The coefficient of
An Expression Involving All Ordered Compositions of the First n Ordered Natural Numbers and Two

DOI
Similarly we can find th ations of the same kind f e coefficients of (i) (2.1), (ii) 1! a ! d (iii) 1!, 2! and 3! in
We further notice that in e the brackets: [ ] of the arithmetic functions, the consecutive integers of the 1 st set start with unity and th have: different integers. In other words we E [set of distinct i = E [(1, 2, …, n , k + 1, …., k + n -1)] , which contains two variables: n and k.
Then we can write a reduced version: F(n, k) for the arithmetic function such that
Using (6), we can immediately write the reduced forms of (5.1), (5.2), (5.3) and (5.4) in succession
We obtain the a for n general we obtain: for a bove results (2.4). We ca o obtain the ilar results for (2.3), (2.2) and (2.1). In ll n, k ∈ , F(1, . (7.1) and 1 1 -, 1 . 
W the process of recursive substitution. For instance, replacing 1 2 and 1 from the 2 nd r expressions as in (8.2) and (8.1) and then applying (7.1) and (7.2), we get (8.3). and 3 rd terms o Thus the reduc f (2.1), (2.2), …are (8.1), (8.2), … in succession. The general form of (8.1), (8.2), … is:
Now we need k).
(a) Solution for F(n, k)
The solution of F(n, k) is Theorem 3 which is the consequence of Theorem 1 and Theorem 2. Putting x = 1, we get;
theorem by induction. From (7.1) and (7.2), we have F(1, 1) = F(2, 1) = 1. Hence the n = 1 and for n = 2. To complete the proof, we assume that the theorem holds for all n ∈ with 1 ≤ n ≤ r. Then we deduce that
Proof. To prove the theorem, first we derive the fundamental identity (11) below. We have defined the notation e n {x k } in Topic II. By the definition, the following laws hold. The n mber of terms of e n {x k } is . A term of e n + 1 {x k } for k ≥ n + 1 is also a term of e n +1 {x k + 1 }, which does not contain x k + 1 as a factor; and if x k + 1 is multiplied with a term of e n {x k } then the product is a term of e n + 1 {x k + 1 }, which contains x k + 1 as a factor. This 1 s of e n + 1 {x k +1 } where none of these terms has a factor x k + 1 ;
of remaining terms of e n + 1 {x k +1 } where x k + 1 is a common factor of these terms.
Su g )
= 0] sing (11.1) we shall now prove the theorem by induction on n. When n = 1 and k is a fixed positive integer, from (7.2) we deduce tha ence the theorem is true for n = 1 and a fixed k. We assume that the theorem is true for all n ∈ with 1 ≤ n is, by inductive assumption, we have: (10) is useful to prove the theorem is true for
implies that e n + 1 {x k } is the sum of term and x k + 1 e n {x k }is the sum
We have then the following fundamental identity from the laws.
.
bstituting 1, …, k + 1 for x 1 , …, x k + 1 , we et: Thus the theorem holds for n = m + 1 and is proved by induction for all n ∈ . k can be given any btain the result. Hence we have the theorem for all n, k ∈ . ▮ plete homogeneous symmetric polynomial of degree n in 1, 2, …, k roof: Complete homogeneous symmetric polynomial:
, … , or in brief is the sum of all degree n in the variables: , … , . Formally … … .
S me special values of h n {k } are: h 0 {k} = 1; h n {0} = 0, n ± 0; h 1 {k} = 1 + e 1 {k}; and h n {1} = with the terms of w that the n s of h n ence j h n {j} is the sum of among 1 terms of h n + 1 {k}. Since j ∈ (1,…, k), we have:
Then we shall show th and a We deduce that 1,…, k) . According to the definition of h n {k}, if j is multiplied h n {j} then the products are some terms of h n + 1 {k}. We kno umber of term {k} is 1 . By Theorem1, for all n, k ∈ , , .
H
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From (9) and Theorem 3, we get an identity for : 1 , , 1. 14 ince h 0 {1} = 1, (14) holds for n = 0 also. (14) is the reduced version of (2.n) rom (7.1), (7.2) and Theorem 3, we get a recurrence relation for and :
,  ∈ .
15
e can find the genera (15) by substituting the variables: , , , , … for 1, 2, 3, … as shown. 
